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We propose Floquet chiral topological superconducting systems hosting Floquet Majorana
fermions, which consist of hexagonal lattices in proximity to superconductors with shining cir-
cularly polarized light. Specially for bilayer graphene system, we demonstrate that there exist three
topological phases determined by the system parameters, namely, the amplitude and frequency of
the induced light. The number of chiral Floquet Majorana edge states is confirmed by calculating
the Chern number analytically and the energy spectrum in ribbon geometry. Moreover, this pro-
posal is generalized to other hexagonal lattice systems, such as the monolayer graphene and silicene.
Notably, the parameter range of induced light to achieve the chiral Floquet Majorana edge states is
experimentally feasible, and the corresponding Floquet Majorana fermions can be probed based on
differential conductance using the scanning tunneling spectroscopy.
PACS numbers: 73.22.Pr, 73.20.-r, 74.90.+n, 03.67.Lx
I. INTRODUCTION
Majorana fermions (MFs) are “real-valued” fermion
modes, which are their own anti-particles in contrast to
other “complex” fermions. A pair of widely spatial seper-
ated MF bound states corresponds to zero-energy modes
of Bogoliubov-de Gennes (BDG) Hamiltonian, and forms
non-Abelian quasiparticle states immune to local deco-
herence, which suit for potential applications in quantum
computation.1,2 MFs are proposed to emerge in kinds of
2D systems, such as the surface states of topological in-
sulators proximated to superconductors,3 the ν = 5/2
fractional quantum Hall(FQH) states,4 quantum anoma-
lous hall(QAH) states in proximity to superconductors5,
non-centrosymmetric superconductors6, etc. Moreover,
various 1D systems are also proposed to host MFs.7,8
Importantly, high magnetic field, which breaks the time
reversal symmetry, is essential for the appearance of MFs
in most of these strategies. However, the high magnetic
field might easily break the superconducting layer, which
imposes restrictions on the realization of MFs in experi-
ments.
Recently, topological insulators driven by external
time-dependent perturbations have stimulated great sci-
entific interests.9 Specifically, for the time-periodic driven
systems, it is convenient to use Floquet theory to char-
acterize their topological phases.10–12 For example, with
shinning spatial modulating irradiation on a semiconduc-
tor quantum well, which is initially in the trivial phase,
topological nontrivial edge states can be induced in Flo-
quet bands.13,14 Additionally, with circularly polarized
light, a nontrivial gap is opened and edge states emerge
in hexagonal lattices, such as graphene and silicene.15–17
Importantly, Mikael et al., detected photonic Floquet
edge states in photonic lattices experimentally.18 And,
with the help of time-resolved ARPES, Wang et al., have
observed the Floquet states on the surface of a topologi-
cal insulator.19
More recently, a new concept of Floquet Majorana
fermions (FMFs) is brought in cold-atom systems, such as
driven cold-atom quantum wires20,21 and so on. Further-
more, FMFs can also encode quantum information when
the periodic driving potential does not break fermion par-
ity conservation.22 However, there are few studies focus-
ing on FMFs in condensed matter systems. Especially,
with circularly polarized light, hexagonal lattices have
been proved to be topological nontrival systems hosting
Floquet edge states.15–17 One natural question is whether
FMFs can exist in those systems. In fact, the hexagonal
lattices possess unique advantages due to the existence of
antiferromagnetic order. In particular, the antiferromag-
netic phase can coexist with superconductivity, break-
ing the time-reversal symmetry without external mag-
netic field. Recently, it has been demonstrated that there
exists the layer-antiferromagnetic(LAF) phase in bilayer
graphene.23–26 And the antiferromagnetic phase has been
also theoretically predicted existing in monolayer hexag-
onal lattices, such as graphene.27 Considering these ad-
vantages, the hexagonal lattices provide a promising plat-
form for realizing FMFs.
In this work, we study bilayer graphene in proxim-
ity to an s-wave superconductor with shinning circularly
polarized light at high frequencies. We find that there
exist three topological phases by tuning the physical pa-
rameters of the induced light: the amplitude A and the
frequency ω. Based on the effective Hamiltonian, we cal-
culate the Chern numbers–the number of chiral Floquet
Majorana edge states to be 8, 4 and 0, respectively, corre-
sponding to the three different topological phases. More-
over, the number of those edge states is also confirmed by
solving energy spectra in the ribbon geometry. Notably,
in narrow ribbons, due to the finite size confinement,
there exist another two cases with edge states numbers
6 and 2. Furthermore, this proposal of generating chi-
ral FMFs is generalized to other hexagonal lattices, such
as the single-layer graphene and silicene. In silicene, the
2√
3 × √3R reconstruction hosts odd numbers of FMFs,
which is important in realization of the non-trival braid-
ing statistics. Finally, we propose a strategy to probe
those Floquet Majorana edge states using the scanning
tunneling spectroscopy (STS).
The rest of this paper is organized as follows. In Sec.II,
we present the proposed system and derive the effective
Hamiltonian (see details in App.A) describing the sys-
tem. Then, in Sec.III, a topological phase diagram is ob-
tained based on the Chern number calculated in App.C.
Next, in Sec.IV, the chiral Floquet Majorana edge states
are further confirmed with the numerical results of the
energy band structures in the ribbon geometry. In Sec.V,
we extend aforementioned method for generating FMFs
to other kinds of the hexagonal lattices and propose a
scheme to detect the FMFs. Finally, a conclusion is pre-
sented in Sec.VI.
II. PROPOSED DEVICE AND MODEL
HAMILTONIAN
We first study the bilayer graphene system, due
to the experimental confirmation of the layer-
antiferromagnetic(LAF) phase in such system.23–26
Our proposed device is illustrated in Fig.1(a). The bi-
layer graphene with LAF is put in proximity to an s-wave
superconductor. Meanwhile, a beam of right-handed
circularly polarized light is projected perpendicularly to
the plane of bilayer graphene (left-handed rotation can
be discussed similarly). Thus, the effective tight-binding
Hamiltonian Hb can be written as:
Hb = −t
∑
<ij>,s,α
(a†i,s,αbj,s,α +H.c.)
−γ
∑
i,s
(a†i,s,1ai,s,2 +H.c.)
+
im
3
√
3
∑
≪ij≫,s,α
[vij(a
†
i,s,αaj,s,α + b
†
i,s,αbj,s,α)]
+V
∑
i,s
[s(b†i,s,1bi,s,1 − b†i,s,2bi,s,2)] (1)
where ai,s,α(a
†
i,s,α) annihilates (creates) an electron with
spin s(s = ±1) on site Ri in layer α(α = 1, 2) on sub-
lattice A (an equivalent definition is used for sublattice
B), as shown in Fig.1(b). In Hb, the first two terms de-
note intrinsic hopping in bilayer graphene, where t in the
first term is the nearest-neighbor hopping energy, and
γ in the second term stands for the hopping energy be-
tween atom A1 and A2 in different layers. We consider
the off-resonant circularly polarized light case, in which
no inter-band electronic transitions occur due to the pro-
hibition of direct photon absorption. The off-resonant
light modifies the electron via virtual photon absorption
process, and results in a chiral next nearest-neighbour
hopping (see App.A for details), where m = v2gA2/ω
denotes the next nearest-neighbor hopping energy, and
(a)
FIG. 1: (Color online) (a) is the schematic diagram of pro-
posed device, which consists of an s-wave superconductor
layer at the bottom and a bilayer graphene layer on top. A
beam of circularly polarized light is projected perpendicularly
to the bilayer graphene plane with layer-antiferromagnetic ef-
fect, and the light induced nearest-neighbour hopping m is
determined by the amplitude A and frequency ω of induced
light. (b) is the lattice structure of bilayer graphene. Left
panel: Side view of bilayer graphene, where γ is the hopping
energy between atom A1 and atom A2; Right panel: Top-
down view of the lattice structure, in which A1(2) and B1(2)
represent different sublattice. In this figure, red and green
balls stand for atoms in upper and lower layers, respectively.
vij = +1(−1) corresponds to clockwise (anti-clockwise)
hopping. For graphene systems, the off-resonant con-
dition requires photon energies larger than band width,
which lies in the range of soft X-ray regime.16,17 Recently,
the circularly light induced gap has been detected in the
surface state of topological insulator, which is consistent
with the effective model.19 The last term in Eq.1 stands
for LAF, which is spontaneously generated by electron-
electron interaction in bilayer graphene around half fill-
ing, and V is the LAF strength.23–26 The LAF and super-
conductivity come from different orgin, and may coexist
in the interface graphene layers. Previously, the coex-
istent of antiferromagnetism and superconductivity has
been investigated theoretically and experimentally.28,29
In general, the circularly polarized light gives rise to the
nontrivial topology, and the LAF term lifts the spin de-
generacy. The combination of these two effects leads to
3abundant topological phases in hexagonal lattices as dis-
cussed in the following parts.
Considering the proximity effect of an s-wave supercon-
ductor as shown in Fig.1(a), the Bogoliubov-de Gennes
(BdG) Hamiltonian of the proposed system can be ob-
tained in the momentum space:
HBDG =
∑
k
Ψ†k
(
Hb(k) i∆I4 ⊗ σy
−i∆I4 ⊗ σy −H∗b (−k)
)
Ψk (2)
where Ψk = (a1k↑, a1k↓, b1k↑, b1k↓, a2k↑, a2k↓, b2k↑, b2k↓,
a†1−k↑, a
†
1−k↓, b
†
1−k↑, b
†
1−k↓, a
†
2−k↑, a
†
2−k↓, b
†
2−k↑, b
†
2−k↓)
T ,
∆ denotes the superconducting order parameter and
I4 = diag{1, 1, 1, 1}. Here, a1(b1) and a2(b2) stand
for A(B) atom in upper and lower layer, respectively.
Hb(k) is the Fourier transform result of effective
Hamiltonian Hb in Eq.1 from real space to momentum
space. The driven field will affect the superconduc-
tor order parameter. Previously, it has been proved
that superconductivity order parameter ∆ is slightly
renormalized in 1D superconductor.22 Similarly, the
superconductivity order parameter ∆ in our proposed
setup remains unchanged in the limit of vgA/ω ≪ 1 (see
App.B for details). For the bilayer graphene system, the
parameters V and ∆ are in the range of several meV .
The magnitude of m, determined by the induced light,
can be tuned into the same order of V and ∆. Without
loss of generality, all parameters including m,V and ∆
in Eq.2 are chosen to be positive in the following.
III. TOPOLOGICAL PHASE DIAGRAM
Firstly, we investigate the topological phase diagram
of the proposed system by calculating the topological in-
variant: Chern number. Since the topological invariant
cannot change without closing the bulk energy gap, the
gap-closing condition of HBDG gives out possible topo-
logical phase transition points. Based on the diagonaliza-
tion ofHBDG in Eq.2, we find the bulk energy band closes
exactly at the Dirac points. In specific, the energy levels
at Dirac points are E = ±∆±m±V , ±
√
(∆±m)2 + γ2,
which means the bulk energy gap closes at two critical
conditions: m = |∆ + V | and m = |∆ − V |. Conse-
quently, there may exist three topological phases which
can be distinguished by different Chern numbers.
Based on the calculation result of the Chern num-
ber of HBDG(see App.C), we obtain the 3D topological
phase diagram in the first quadrant of (∆, V,m) param-
eter space as shown in Fig.2(a). The orange region is
bounded by three planes: V = 0,∆ = 0 and m = ∆+V ,
which satisfies m > ∆ + V . In App.C, we have calcu-
lated the Chern number C = 8 in this region. In other
words, the system is a topological superconductor (TSC)
with 8 chiral Floquet Majorana edge states. Similarly,
m = ∆ + V , m = ∆ − V and m = V −∆ give out the
constraints of the green region. The green region satis-
fies the condition |∆ − V | < m < |∆ + V | and has a
NSC(C=0)
TSC(C=4)
NSC(C=0)
m
V
Δ
0
O
m=-V+Δ
0
m=V+Δ
0
Δ
0
m=V-Δ
0
(b)
TSC(C=8)
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FIG. 2: (Color online) Topological phase diagrams of the sys-
tem. (a): 3D phase diagram. There are three regions col-
ored by orange, green and fuchsia. They have Chern number
C = 8, 4, 0 respectively. (b): 2D cross section of (a) in V -m
plane with fixed ∆0.
Chern number C = 4, which means this system possesses
4 chiral Floquet Majorana edge states. Besides, since the
Chern number C is zero under the conditionm < |∆−V |,
the two fuchsia regions are both normal superconductor
(NSC) with two different sets of boundaries: V = 0,
m = 0, m = ∆− V and ∆ = 0, m = 0, m = V −∆.
In experiments, it is common that the superconduc-
tor in the proposed system has a fixed superconducting
order parameter ∆0. Thus, we also draw the cross sec-
tion of Fig.2(a) in V -m plane [see Fig.2(b)]. Mostly, if
the positive V is not equal to ∆0, the system can go
through three topological phases from C = 8 to C = 4
and C = 0 consecutively by decreasing m as shown in
Fig.2(b). That is to say, one can change m = v2gA2/ω
by tuning the amplitude A or frequency ω of the induced
circularly polarized light, in order to precisely make the
system go through three topological phases in experi-
ments with fixed LAF amplitude V and superconduct-
ing order parameter ∆. Considering the band-width of
bilayer graphene, the required frequency of off-resonant
light is about ω = 2500THz. For strong light intensity
I = 7.5 × 1011W/cm2, the light induced next nearest-
neighbour hopping is around m = 3meV . Besides, when
V is equal to ∆0 or zero, there exist only two topolog-
ical phases with the change of m as shown in Fig.2(b),
because one of the two critical conditions is useless now.
IV. CHIRAL FLOQUET MAJORANA EDGE
STATES
We further confirm the chiral Floquet Majorana edge
states of proposed device with the numerical calculation
result obtained from the energy band structure in ribbon
geometry. Firstly, HBDG in Eq.2 can be transformed to
4real space as:
H˜BDG = Hb +∆
∑
i,α
[a†i,↑,αa
†
i,↓,α − a†i,↓,αa†i,↑,α +H.c.]
+∆
∑
i,α
[b†i,↑,αb
†
i,↓,α − b†i,↓,αb†i,↑,α +H.c.] (3)
where Hb is given out in Eq.1 and all parameters are
same as those in Eq.1 and 2. Then, considering a bilayer
graphene ribbon with periodic boundary in x direction
and open boundary in y direction, we draw the energy
bands by diagonalizing Eq.(3).
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FIG. 3: (Color online) Energy spectrum of the system with
zigzag edges under the condition V = 0.03,∆ = 0.02 and
γ = 0.3. The width along y direction is chosen W = 240a
with lattice constant a = 1. N is the number of gapless chiral
edge states. In (a), m = 0.06, the system has eight edge
states. In (b), m = 0.03, the system has four edge states. In
(c), m = 0.006, no edge states exist. In (d), m = 0, there is
still no edge state. The edge states in (a) and (b) are colored
by red.
As a heuristic example, in Fig.3, we first study a
wide zigzag ribbon with W = 240a and the lattice con-
stant a = 1. Similar to the TSC (C = 8) region in
Sec.III, when parameters satisfy m > |V + ∆|, there
are eight edge states locating inside the bulk band gap
[see Fig.3(a)]. Moreover, when m decreases to the region
between |V − ∆| and |V + ∆|, four gapless edge states
appear inside the bulk band gap [see Fig.3(b)], corre-
sponding to the aforementioned TSC region with C = 4.
This topological phase transition indicates that four chi-
ral Floquet Majorana edge states have been annihilated
into the bulk states. Finally, if m is smaller than |V −∆|,
corresponding to the NSC (C = 0) region, there is no
chiral edge state inside the bulk band gap [see Fig.3(c)].
This means if the induced circularly polarized light is not
strong enough or even absent, the system belongs to the
same topologically trivial NSC phase (see Fig.3(c) and
3(d)).
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FIG. 4: (Color online) Energy spectrum of the system with
armchair edges under condition V = 0.03,∆ = 0.02 and γ =
0.3. The length along y direction is chosen W = 240
√
3a
with lattice constant a = 1. N is the number of gapless
chiral edge states. In (a), m = 0.06, the system has four
double-degenerate edge states (N = 8). In (b), m = 0.03, the
system has two double-degenerate edge states (N = 4). In
(c), m = 0.006, no edge states show up. In (d), m = 0, there
is still no edge state. Similarly, the edge states in (a) and (b)
are colored by red.
In order to make the edge states easier to be dis-
tinguished, we also study a wide armchair ribbon with
W = 240
√
3a and the lattice constant a = 1 in Fig.4.
The numbers of edge states in different conditions are
the same as those in zigzag ribbon. However, due to
the undistinguishment of K and K ′ point in armchair
ribbon, the edge states in Fig.4 are double degenerate.
Combining Fig.3 and Fig.4, the number of chiral edge
states in the wide ribbon is consistent with the Chern
number obtained in Sec.III.
Surprisingly, in narrow zigzag ribbons, e.g. W = 60a,
we find two additional parameter regions of m charac-
terized by edge states number six and two, as shown in
Fig.5(d) and 5(e), respectively. Besides, the numbers of
edges states in Fig.5(a)-5(c) are the same as those in
Fig.3(a)-3(c). Similar results can also be found in arm-
chair ribbon, which are not shown here.
The appearance of these two unexpected cases, with six
or two edge states in a narrow ribbon, originates from the
“finite size effect”.30,31 To explain this phenomenon, we
firstly utilize Eq.C5-C8 in App.C, which tells us that the
characteristic penetration lengths of chiral edge states
are: ξ1 ∼ 2vf|V+m+∆| , ξ2 ∼
2vf
|V−m+∆| , ξ3 ∼
2vf
|V+m−∆| and
ξ4 ∼ 2vf|V−m−∆| in a ribbon. We take parameters in Fig.5
as an example. When m is large enough compared with
V +∆ = 0.05, the ribbon width W becomes longer than
ξi=1−4, and there exist eight chiral edge states. However,
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FIG. 5: (Color online) Energy spectrum of the system with
zigzag edges under condition V = 0.03,∆ = 0.02 and γ = 0.3.
The length along y direction is chosen W = 60a with lattice
constant a = 1, which is a quarter of that in Fig.3. N is the
number of gapless chiral edge states. In (a), m = 0.06, the
system has eight edge states. In (b), m = 0.02, the system
has four edge states. In (c), m = 0.001, no edge states show
up. Those three phases also exist in Fig.3. However, in (e)
and (f), m = 0.046 and 0.009, there are six and two edge
states, respectively. In order to make the energy spectrum
more clearer, the edge states in (a)-(e) are colored by red.
when m approaches V + ∆ = 0.05, the characteristic
length ξ2 becomes very large. Thus, in a narrow rib-
bon with W<ξ2, two chiral edge states with penetration
length ξ2 are coupled with each other, and the number of
chiral edge states decreases to six, as shown in Fig.5(d).
Then, when m satisfies |V − ∆| < m < |V + ∆|, there
exist only four edge states, which are characterized by
penetration length ξ3 and ξ4. Similarly, if m approaches
to |V −∆| = 0.01, ξ4 could become longer than W , and
two edge states with penetration length ξ4 are coupled
with each other. Thus, the number of edge states reduces
from four to two, as shown in Fig.5(e). At last, when m
becomes small enough compared with |V − ∆| = 0.01,
there exists no edge state.
V. EXPANDED MODELS AND
EXPERIMENTAL DETECTION
The aforementioned proposal for generating chiral Flo-
quet Majorana edge states can also be extended to other
kinds of hexagonal lattices, such as single-layer graphene
and silicene. In particular, considering a single-layer
graphene with antiferromagnetic order and shining cir-
cularly polarized light, the effective Hamiltonian reads:
Hs = −t
∑
<ij>,s
(a†i,sbj,s +H.c.)
+
im
3
√
3
∑
≪ij≫,s
[vij(a
†
i,saj,s + b
†
i,sbj,s)]
+V
∑
i,s
[s(a†i,sai,s − b†i,sbi,s)] (4)
where ai,s(a
†
i,s) annihilates (creates) an electron with spin
s(s = ±1) on site Ri on sublattice A (an equivalent def-
inition is used for sublattice B ). The third term in Hs
denotes the antiferromagnetic coupling, similar to the
LAF term in Eq.1. In the presence of strong electron-
electron interaction, the neutral graphene manifests an
antiferromagnetic phase. On the other hand, when prox-
imating to a superconductor, this system may exhibit
topological nontrivial features with chiral Floquet Ma-
jorana edge states. Using the similar method as that
in bilayer graphene model, we confirm that there still
exist two critical conditions corresponding to topologi-
cal phase transitions: m = |V + ∆| and m = |V − ∆|.
Specifically, C = 4 when m > |V + ∆|, C = 2 when
|V −∆| < m < |V + ∆| and C = 0 when m < |V −∆|.
Thus, there are three topological phases, in analogy to
the case of bilayer graphene.
A
B
FIG. 6: (Color online) The lattice structure of a
√
3 × √3R
reconstruction of monolayer silicene. The nearest-neighbor
hopping strength t˜ through the blue bonding is t−∆t, while
t˜ through the yellow one is t + ∆t. Atoms in the red paral-
lelogram forms a primitive cell whose side-length is
√
3 times
longer than pure silicene. A and B represent different sublat-
tice.
Moreover, silicene, as another important kind of hexag-
onal lattice, is the silicon equivalent of graphene, apart
from a relatively large intrinsic Rashba spin orbital
term.32 In a monolayer silicene, it has been demonstrated
both theoretically and experimentally that there could
exist a
√
3×√3R reconstruction,33,34 which is illustrated
in Fig.6. The nearest-neighbor hopping energy through
the blue bonding is t−∆t, while the yellow one is t+∆t.
Therefore, the primitive cell in monolayer silicene is ex-
tended to
√
3 × √3 times larger than a pure one, which
is marked by a red parallelogram in Fig.6. Considering a√
3×√3R reconstruction monolayer silicene system with
6an antiferromagnetic order and shining circularly polar-
ized light, the effective Hamiltonian HSis can be written
as:
HSis = −
∑
<ij>,s
(t˜i,ja
†
i,sbj,s +H.c.)
−itSO
∑
≪ij≫ss′
µij [a
†
i,s(σ × dˆij)zss′aj,s′
+b†i,s(σ × dˆij)zss′bj,s′ ]
+
im
3
√
3
∑
≪ij≫,s
[vij(a
†
i,saj,s + b
†
i,sbj,s)]
+V
∑
i,s
[s(a†i,sai,s − b†i,sbi,s)] (5)
where ai,s(a
†
i,s), bi,s(b
†
i,s) and vij have the same meanings
as those in Eq.4. The first term stands for the nearest-
neighbor hopping, and the definition of t˜ij can be found
in Fig.6. Specifically, in blue bonding, t˜ij = t−∆t, while
t˜ij = t+∆t in yellow. t˜ij is the source that folds valleys
K and K ′ into the Γ point, and results in intervalley
scattering. The second term is the intrinsic Rashba spin
orbital term with tSO the corresponding strengths. dˆij =
dij/|dij |, where dij represents a vector from site j to i,
and µij = ±1 for an A or B site. The third and the last
term denote respectively the effect of circularly polarized
light and antiferromagnetism.
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FIG. 7: (Color online) (a): Energy spectrum of
√
3×√3R re-
construction of monolayer silicene with armchair edges under
the condition ∆t = 0.098, tSO = 0.5, m = 0.2, V = 0.1,∆ =
0.14. The width along y direction is chosen as W = 600
√
3a
with lattice constant a = 1. There is only one edge state
marked by α, and the second lowest state is marked by β.
(b): The distribution of wave functions |Ψα|2 and |Ψβ|2 col-
ored by red and blue, respectively.
Considering the similarity of silicene and graphene,
our FMFs proposal is also applicable to the silicene sys-
tem. But unlike the graphene system, owing to the√
3 ×√3R reconstruction and the intrinsic Rashba spin
orbital term in Eq.5, there may exist other topological
phases with odd chiral edge states. Notably, the re-
alization of odd numbers of FMFs is important in the
realization of nontrivial braiding statistics, which is im-
portant for the quantum topological computation. In
Fig.7, we study an armchair ribbon of the
√
3 × √3R
reconstruction monolayer silicene. The width of the rib-
bon is chosen as W = 600
√
3a with lattice constant
a = 1. In Fig.7(a), it is clear that under the condi-
tion ∆t = 0.098, tSO = 0.5,m = 0.2, V = 0.1,∆ = 0.14,
there exists only one edge state, marked with α. In order
to confirm that the second lowest state β belongs to the
bulk bands, the wave function distributions |Ψα(β)|2 of
states α and β are also drawn in Fig.7(b). We find that
|Ψα|2 distributes mostly near the boundary, while |Ψβ |2
distributes inside the ribbon, which means state β is a
bulk state. Thus, the
√
3 × √3R reconstruction mono-
layer silicene system possesses only one chiral edge state
hosting odd number of FMFs.
STM Vortex
Silicene
(a) (b)
FIG. 8: (Color online) Experimental expectation. (a):
Schematic of the apparatus. A round piece of
√
3 × √3R
reconstructed silicene is put in proximity to a superconductor
with induced light. Considering a hc
2e
flux is induced in the
system, a STM tip is used to probe the dI/dV characteris-
tics of Majorana zero modes. (b): Zero energy dI/dV peak
value. When the Majorana zero modes in vortices decouple,
the peak value increases to be integer times of 2e
2
h
. When the
Majorana zero modes in vortices couple together, the peak
value shows oscillation behavior.
The experimental detection of Majorana Fermions,
which do not transport charge, is impeded by the dif-
ficulties to measure spin and heat transport. Thus, pre-
cise experimental setups are needed for detecting those
states. The topological phases and topological critical
points in our proposed systems can be detected by the
zero bias dI/dV characteristic curves of scanning tunnel-
ing spectroscopy.36
Firstly, taking silicence system as an example, when
a flux hc2e is induced in the system, the Majorana zero
modes emerge at the inner and outer edges.35 When
the STM tip couples to the Majorana zero modes
through electron tunneling, the resonant Andreev reflec-
tions can induce zero bias peak in the dI/dV character-
istic curves.36 Specifically, as shown in Fig.8, when the
Majorana zero modes in vortices do not couple to each
other, the peak value increases to be integer times of
2e2
h
when the topological phase transition happens. In a
sharp contrast, when the Majorana zero modes in vor-
tices couple together, the peak value shows oscillation
behavior at the topological phase transition points.
Moreover, we consider the bilayer graphene system
with three topological phases characterized by Chern
numbers 8, 4 and 0. There are two cases for the bi-
7layer graphene system. (i) If the coupling between chiral
Majorana edge states can be neglected, the experimental
detection setup is similar to the silicence system. Con-
sidering a flux hc2e induced in the system, the Majorana
zero modes emerge at the vortex boundary. The zero
bias dI/dV peak value is related to bulk Chern number
by the relation of G = C × 2e2
h
. (ii) If the coupling be-
tween edge states cannot be neglected, the degeneracy of
edge states is lifted, thus inducing flux hc2e cannot guar-
antee the existence of zero modes. However, considering
the induced flux is tuned in the range of
[
0,hc
e
)
, the zero
modes still turn up at certain flux value. For this case,
during the induced flux is tuned from 0 to hc
e
, the zero
bias dI/dV characteristic curve shows oscillation behav-
ior as function of the flux, with C times peaks at value
2e2
h
, where C is the bulk Chern number. One the other
hand, the local density of edge states changes when the
Chern number is changed, and leads to observable effects
in the tunneling conductance in normal-Floquet topolog-
ical superconductor junction.37 The aforementioned ex-
perimental detection methods can also be applied to the
monolayer graphene system.
VI. CONCLUSION
In conclusion, when hexagonal lattice layer with cir-
cularly polarized light is put in proximity to an s-
wave superconductor, there exist topological phases
with chiral Floquet Majorana edge states. Specifi-
cally, in the proposed bilayer graphene system with
layer-antiferromagnetic term, there are three topological
phases with the Chern number 8, 4, 0 by tuning the am-
plitude A or the frequency ω of the induced light. The
same proposal can also be extended to other kinds of
hexagonal lattices, i.e. monolayer graphene and silicene.
Notably, the
√
3×√3R reconstruction monolayer silicene
system can host odd numbers of FMFs, which is impor-
tant for quantum topological computation. To sum up,
by accurately adjusting the frequency and the amplitude
of induced circularly polarized light, one can precisely
tune the number of Majorana edge states, achieve Flo-
quet Majorana fermions, and realize topological phase
transitions in hexagonal lattices. In experiments, those
Floquet Majorana fermions can be characterized by zero
bias dI/dV peak using scanning tunneling spectroscopy.
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Appendix A: BILAYER GRAPHENE EFFECTIVE
HAMILTONIAN
When a beam of circularly polarized light with vector
potential A(t) = A(±sin(ωt), cos(ωt)), where +1 is for
right circulation of light and −1 for left circulation, is
applied perpendicularly to a bilayer graphene without
other effects, the Hamiltonian H(t) can be written as:
H(t) = −t
∑
<ij>,s,α
(eiAij(t)a†i,s,αbj,s,α +H.c.)
−γ
∑
i,s
(a†i,s,1ai,s,2 +H.c.) (A1)
where Aij(t) = e/~(rj − ri) · A(t), with ri being the
coordinates of the lattice site i, α = 1, 2 the layer index,
t the hopping amplitude of the nearest electrons in the
same layer, γ the hopping amplitude between electron A1
and A2 in different layers, and s the spins of electrons,
as shown in Fig.1(b).
In this way, the Hamiltonian near the Dirac point K =
− 4pi
3
√
3a
ex is
HK(t) = vgaI2 ⊗ (σxKx + σyKy)− γ
2
(σx ⊗ σx − σy ⊗ σy)
(A2)
where vg =
3
2 t, Kx(y) = kx(y) +
eAx(y)
~
, kx and ky are
momenta measured from the Dirac point K = − 4pi
3
√
3a
ex,
I2 = diag{1, 1}, and σi is Pauli matrix.
In Ref.[38,39], we know that the effective hamiltonian
of the system in off-resonant condition is defined as:
Heff =
i
T
log(U) (A3)
where U = T exp(−i ´ T0 H(t)dt) and T is the time-
ordering operator.
In the limit of A2 ≪ 1, with A = eAa/~,
U = T exp(−i
ˆ T
0
H(t)dt)
= T
∞∑
n=0
[−i ´ T0 H(t)dt]n
n!
≈ T [1− i
ˆ T
0
H(t)dt−
´ T
0
dt1
´ T
0
dt2H(t1)H(t2)
2
]
= 1− iTH0
−H
2
0T
2
2
− [H1, H−1] T
iω
− [H0, H1 −H−1] T
iω
(A4)
where Hn =
1
T
´ T
0 H(t)e
inωtdt. And the effective Hamil-
tonian can be deduced as:
Heff =
i
T
log(U)
≈ H0 − [H1, H−1]
ω
− [H0, H1 −H−1]
ω
(A5)
8After applying HK(t) into the definition of Hn, it is
straightforward to obtain:
[HK1 , H
K
−1] = ∓v2gA2I2 ⊗ σz (A6)
[HK0 , H
K
1 −HK−1] = ±vgA(2vgaKyI2 + γσy)⊗ σz
(A7)
Since vgA/ω ≪ 1 and the system is considered near
Dirac point K, it is obvious that
[HK0 , H
K
1 −HK−1]
ω
≪ HK0 −
[HK1 , H
K
−1]
ω
(A8)
Consequently, HKeff is quite simple now:
HKeff ≈ HK0 −
[HK1 , H
K
−1]
ω
= vgaI2 ⊗ (σxkx + σyky)− γ
2
(σx ⊗ σx − σy ⊗ σy)
±v
2
gA2
ω
I2 ⊗ σz (A9)
Just as the same process above, the Hamiltonian Heff
near the other Dirac point K ′ = 4pi
3
√
3a
ex can be written
as:
HK′eff ≈ HK
′
0 −
[HK
′
1 , H
K′
−1 ]
ω
= vgaI2 ⊗ (−σxk′x + σyk′y)−
γ
2
(σx ⊗ σx − σy ⊗ σy)
∓v
2
gA2
ω
I2 ⊗ σz (A10)
where k′x and k
′
y are momenta measured from the Dirac
point K ′ = 4pi
3
√
3a
ex,
Therefore, in real space, the second term − [H1,H−1]
ω
in
Heff can be illustrated as the second-neighbor hopping∑
≪ij≫ vijc
†
i cj in each layer, with vij = 1 for hopping
clockwise in one hexagonal lattice and −1 for hopping
anti-clockwise. As a result, the effective Hamiltonian
Heff for bilayer graphene with circularly polarized light
perpendicular to its plane is:
Heff = −t
∑
<ij>,s,α
(a†i,s,αbj,s,α +H.c.)
−γ
∑
i,s
(a†i,s,1ai,s,2 +H.c.)
± im
3
√
3
∑
≪ij≫,s,α
(vija
†
i,s,αaj,s,α + vijb
†
i,s,αbj,s,α)
(A11)
where m = v2gA2/ω, and other parameters mean the
same as what we have mentioned before.
At last, we must emphasize that Heff in Eq.A11 in
this appendix is valid near Dirac points, thus all other
equations deduced from it in this paper must satisfy the
same condition. However, since the topological proper-
ties remain unchanged whether the Hamiltonian we use is
valid in whole Brillouin zone or just around Dirac points,
it is fine to apply the effective Hamiltonian Heff and its
deductions to the calculation of energy bands and Chern
number. Therefore, we can continue discussing the topo-
logical phase transition of this system in this paper.
Appendix B: THE EFFECT OF LIGHT TO
SUPERCONDUCTIVITY
The total time-dependent Hamiltonian of bilayer
graphene with circularly polarized light reads:
Htotal = −t
∑
<ij>,s,α
(eiAij(t)a†i,s,αbj,s,α +H.c.)
−γ
∑
i,s
(a†i,s,1ai,s,2 +H.c.)
+V
∑
i,s
[s(b†i,s,1bi,s,1 − b†i,s,2bi,s,2)]
+∆
∑
i,α
[a†i,↑,αa
†
i,↓,α − a†i,↓,αa†i,↑,α
+b†i,↑,αb
†
i,↓,α − b†i,↓,αb†i,↑,α +H.c.] (B1)
Utilizing the similar derivation in App.A, Eq.B1 can also
be further deduced to:
Heff ≈ H0 − [H1, H−1]
ω
− [H0, H1 −H−1]
ω
(B2)
where Hn =
1
T
´ T
0
H(t)einωtdt, and Eq.B2 is exactly the
same as Eq.A5 in App.A. Since only the first term of
Eq.B1 contains time variable t, the superconducting term
makes no contribution to the H1 and H−1. Thus, the
commutation [H1, H−1] only gives out the block-diagonal
terms in the effective Hamiltonian. Moreover, due to the
condition vgA/ω ≪ 1, Eq.A8 is still valid, which means
the commutation [H0, H1−H−1] can be ignored. There-
fore, the superconducting term in effective Hamiltonian
Heff just appears in H0, and it should remain unchanged
under the condition vgA/ω ≪ 1.
Appendix C: CALCULATION OF THE CHERN
NUMBER
In Ref.[27], the effective low energy Hamiltonian for
bilayer graphene without LAF and induced light can be
written as:
H(k) = φ†k
(
0
v2F
γ
k2−
v2F
γ
k2+ 0
)
φk (C1)
where φk = (b1k, b2k)
T , k± = kx ± iky and vF = 3at/2.
The low energy physics is mainly determined by wave-
functions located at B1 and B2 atoms, while A1 and A2
denote the high energy physics for E > γ.
9In the following part, we give out the low energy Hamil-
tonian considering the LAF term, the circularly polarized
light term and superconducting pairing. The high energy
atoms A1 and A2 are omitted. And the basis can be given
as: (b1k↑, b2k↑,−b†2−k↓, b†1−k↓, b1−k↑, b2−k↑,−b†2k↓, b†1k↓)T
Moreover, there also exits another half of the basis:
(b1k↓, b2k↓,−b†2−k↑, b†1−k↑, b1−k↓, b2−k↓,−b†2k↑, b†1k↑)T .
The whole basis consisting of sixteen elements is also
called Beenakker’s Notation.
Considering the first half basis, the first building block
can be written as:
H1 =


V +m λk2− 0 ∆
λk2+ −V −m −∆ 0
0 −∆ −V −m λk2−
∆ 0 λk2+ V +m

 (C2)
with basis (b1k↑, b2k↑,−b†2−k↓, b†1−k↓), where λ = v2F /γ =
(32at)
2/γ. And the second block can be written as:
H2 =


V −m λk2+ 0 ∆
λk2− −V +m −∆ 0
0 −∆ −V +m λk2+
∆ 0 λk2− V −m

 (C3)
with basis (b1−k↑, b2−k↑,−b†2k↓, b†1k↓).
Then, an unitary transform H˜ = T †HT can be done
by:
T =
1√
2


1 0 0 1
0 1 1 0
0 −1 1 0
−1 0 0 1

 (C4)
Therefore, H˜1 can be diagonalized as diag{H˜1A, H˜1B},
where
H˜1A =
(
V +m−∆ λk2−
λk2+ −(V +m−∆)
)
(C5)
H˜1B =
( −(V +m+∆) λk2−
λk2+ V +m+∆
)
(C6)
and H˜2 can be diagonalized as diag{H˜2A, H˜2B}, where
H˜2A =
(
V −m−∆ λk2+
λk2− −(V −m−∆)
)
(C7)
H˜2B =
( −(V −m+∆) λk2+
λk2− V −m+∆
)
(C8)
According to Berry phase curvature, the Chern number
for block 1 is:
C1A = sgn[m+ (V −∆)] (C9)
C1B = sgn[m− (V −∆)] (C10)
Combining C1A and C1B, we get:
C1 = sgn[m+ (V −∆)] + sgn[m− (V −∆)]
=


+2 m > |V −∆|
0 −|V −∆| < m < |V −∆|
−2 m < −|V −∆|
(C11)
In the same way, the Chern number for block 2 can be
deduced as:
C2 = sgn[m+ (V +∆)] + sgn[m− (V +∆)]
=


+2 m > |V +∆|
0 −|V +∆| < m < |V +∆|
−2 m < −|V +∆|
(C12)
Consequently, the whole Chern number can be obtained:
CI =


+4 m > |V +∆|
+2 −|V −∆| < m < |V +∆|
0 m < |V −∆|
(C13)
Moreover, the Chern number of the second half of the
basis can also be calculated in the similar method, and we
obtain the same result as C. Therefore, the total Chern
number of the proposed system is:
C =


+8 m > |V +∆|
+4 −|V −∆| < m < |V +∆|
0 m < |V −∆|
(C14)
From the above criterion, we can immediately obtain
the phase diagram in Sec.III and uncover the physical
picture of topological phase transitions.
∗
haiwen.liu@pku.edu.cn
1 Frank Wilczek, Nat. Phys. 5, 614 (2009).
2 Chetan Nayak, Steven H. Simon, Ady Stern, Michael
Freedman and Sankar Das Sarma, Rev. Mod. Phys. 80,
1083 (2008).
3 Liang Fu, and C. L. Kane, Phys. Rev. Lett. 100, 096407
(2008).
4 Gregory Moore and Nicholas Read, Nucl. Phys B360, 362
(1991).
5 Xiao-Liang Qi, Taylor L. Hughes and Shou-Cheng Zhang,
Phys. Rev. B 82, 184516 (2010).
6 Masatoshi Sato and Satoshi Fujimoto, Phy. Rev. B 79,
10
094504 (2009).
7 Roman M. Lutchyn, Jay D. Sau and S. Das Sarma, Phys.
Rev. Lett. 105, 077001 (2010).
8 Yuval Oreg, Gil Refael, and Felix von Oppen, Phys. Rev.
Lett. 105, 177002 (2010).
9 J. Cayssol, B. Dóra, F. Simon and R. Moessner, Phys.
Status Solidi RRL 7, 101 (2013).
10 F. H. M. Faisal and J. Z. Kamiński, Phys. Rev. A 56, 748
(1997).
11 Han Hsu and L. E. Reichl, Phys. Rev. B 74, 115406 (2006).
12 A. Gómez-León and G. Platero, Phys. Rev. Lett. 110,
200403 (2013).
13 Netanel H. Lindner, Gil Refael and Victor Galitski, Nat.
Phys. 7, 490 (2011).
14 Yaniv Tenenbaum Katan and Daniel Podolsky, Phys. Rev.
Lett. 110, 016802 (2013).
15 Zhenghao Gu, H. A. Fertig, Daniel P. Arovas and Assa
Auerbach, Phys. Rev. Lett. 107, 216601 (2011).
16 Takuya Kitagawa, Takashi Oka, Arne Brataas, Liang Fu
and Eugene Demler, Phy. Rev. B 84, 235108 (2011).
17 Motohiko Ezawa, Phys. Rev. Lett. 110, 026603 (2013).
18 Mikael C. Rechtsman, Julia M. Zeuner, Yonatan Plotnik,
Yaakov Lumer, Daniel Podolsky, Felix Dreisow, Stefan
Nolte, Mordechai Segev and Alexander Szameit, Nature
(London) 496, 196 (2013).
19 Y. H. Wang, H. Steinberg, P. Jarillo-Herrero and N. Gedik,
Science 342, 453 (2013).
20 Liang Jiang, Takuya Kitagawa, Jason Alicea, A. R.
Akhmerov, David Pekker, Gil Refael, J. I. Cirac, Eugene
Demler, Mikhail D. Lukin and Peter Zoller, Phys. Rev.
Lett. 106, 220402 (2011).
21 Andres A. Reynoso and Diego Frustaglia, Phys. Rev. B 87,
115420 (2013).
22 Dong E. Liu, Alex Levchenko and Harold U. Baranger,
Phys. Rev. Lett. 111, 047002 (2013).
23 B. E. Feldman, J. Martin and A. Yacoby, Nat. Phys. 5,
889 (2009).
24 Y. Lemonik, I. Aleiner and V.I. Falko, Phys. Rev. B 85,
245451 (2012).
25 Maxim Kharitonov, Phys. Rev. B 86, 195435 (2012).
26 Yong Wang, Hao Wang, Jin-Hua Gao and Fu-Chun Zhang,
Phys. Rev. B 87, 195413 (2013).
27 A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S.
Novoselov and A. K. Geim, Rev. Mod. Phys. 81, 109
(2009).
28 Kazuhiro Kuboki, J. Phys. Soc. Jpn. 68, 3150 (1999); Chao
Cao, P. J. Hirschfeld and Hai-Ping Cheng, Phys. Rev. B
77, 220506(R) (2008); Brian M. Andersen, I.V. Bobkova,
P. J. Hirschfeld and Yu. S. Barash, Phys. Rev. Lett. 96,
117005 (2006); Jay D. Sau, Sumanta Tewari and S. Das
Sarma, Phys. Rev. B 84, 085109 (2011).
29 A. I. Buzdin, Rev. Mod. Phys. 77, 935 (2005); C. Bell,
E. J. Tarte, G. Burnell, C. W. Leung, D.-J. Kang and M.
G. Blamire, Phys. Rev. B 68, 144517 (2003); Guo-qing
Zheng, N. Yamaguchi, H. Kan, Y. Kitaoka, J. L. Sarrao,
P. G. Pagliuso, N. O. Moreno and J. D. Thompson, Phys.
Rev. B 70, 014511 (2004).
30 B. Zhou, H.-Z Lu, R. -L Chu, S.-Q Shen, and Q. Niu, Phys.
Rev. Lett., 101, 246807 (2008).
31 Hua Jiang, Haiwen Liu, Ji Feng, Qingfeng Sun and X. C.
Xie, Phys. Rev. Lett., 112, 176601 (2014).
32 Cheng-Cheng Liu, Hua Jiang and Yugui Yao, Phys. Rev.
B 84, 195430 (2011).
33 Lan Chen, Cheng-Cheng Liu, Baojie Feng, Xiaoyue He,
Peng Cheng, Zijing Ding, Sheng Meng, Yugui Yao and
Kehui Wu, Phys. Rev. Lett. 109, 056804 (2012); Lan Chen,
Hui Li, Baojie Feng, Zijing Ding, Jinglan Qiu, Peng Cheng,
Kehui Wu and Sheng Meng, Phys. Rev. Lett. 110, 085504
(2013).
34 Antoine Fleurence, Rainer Friedlein, Taisuke Ozaki, Hi-
royuki Kawai, Ying Wang and Yukiko Yamada-Takamura,
Phys. Rev. Lett. 108, 245501 (2012).
35 N. Read, D. Green Phys. Rev. B 61, 10267 (2000).
36 K. T. Law, Patrick A. Lee, and T. K. Ng Phys. Rev. Lett.
103, 237001 (2009).
37 Akihiro Ii, Keiji Yada, Masatoshi Sato, and Yukio Tanaka,
Phys. Rev. B 83, 224524 (2011); Akihiro Ii, Ai Yamakage,
Keiji Yada, Masatoshi Sato, and Yukio Tanaka, Phys. Rev.
B 86, 174512 (2012).
38 Takuya Kitagawa, Erez Berg, Mark Rudner and Eugene
Demler, Phys. Rev. B 82, 235114 (2010).
39 Mark S. Rudner, Netanel H. Lindner, Erez Berg and
Michael Levin, Phys. Rev. X 3, 031005 (2013).
